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Abstract. Using Langlands's Beyond Endoscopy idea and analytic number theory tech- 
niques, we study the Asai L-function associated to a real quadratic field K/Q. If the Asai 
L-function associated to an automorphic form over K has a pole, then the form is a base 
change from Q. We prove this and further prove the analytic continuation of the L-function. 
This is one of the first examples of using a trace formula to get such information. A hope 
of Langlands is that general L-functions can be studied via this method. 



1. Introduction 

Understanding the analytic continuation of L-functions is a central object of interest in 
number theory. If the L-function is associated to an automorphic form, then the analytic 
properties of the function are key in understanding the form itself. This is clearly demon- 
strated with the Asai L-function in this paper. We will now define it. 

Let K = Q(a/U) be a real quadratic extension of Q, with D a prime. We assume for 
computational clarity in this paper that K has class number one. Let II be an automorphic 
form with level one and trivial nebentypus over the field K. The details we need of a auto- 
morphic form we save to next section, and for more elaborate details we refer to [BMPlJ, 
[BMP2j, and [V]. If it is more comfortable, one can think of a Hilbert modular form instead 
of an automorphic form over K. The form has associated to it Fourier coefficients {^(11)} 
parametrized by integral ideals /i. 

The standard L-function associated with the form is 



n) = E 



c„(n) 

N(/i) s 



It is well known L(s, II) has analytic continuation to the complex plane and satisfies a 
functional equation if II is a cuspidal automorphic form. 

The Asai L-function for II is a sort of subseries of L(s, II). We define the series as 



L( S ,n,Asai) = ((2s)f2^-. 



n=l 



The L-function is named after Asai, who in [X] showed the function has analytic continuation, 
up to a pole at s = 1, an Euler product, and a functional equation. Further, if it has a pole 
then the associated form is a base change or a lift from a automorphic form over Q. Base 
change is usually denoted II = BCjc/q(^), where 7r is an automorphic form over Q. In terms 
of L-functions, which is easier for the author to think about, the Asai L-function having a 
pole is equivalent to the decomposition of the standard L-function as product of 2 degree 2 
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L-functions over Q. Namely, 

L(s, II) = L(s, tt)L(s, 7i <g) xd) 



where xd is the character associated to the field K = Q(y D). A key point is that even if II 
is a base change its standard L-function is entire, just not primitive. The Asai L-function, 
on the other hand, "detects" or sieves those forms for us! 

To study these forms and their associated Asai L-function we use the Kuznetsov trace 
formula. We use a technique originally formulated in [L], and modified in [S], to average 
over the spectrum of cuspidal automorphic forms over the quadratic field K, along with an 
averaging over the Fourier coefficients. In other words, we study (ignoring test functions and 
convergence issues of the Il-sum) 

(1.1) ^E»<^>E<v(n>. 

ju n 

where g £ C^°(1R + ). One can think of this sum as an average of L-functions. 

The sum fi is over integral ideals of K. Using the trace formula on ( 11 .ip would lead to 
studying the analytic properties of the standard L-function of II. Presumably, this should 
follow without too much difficulty from imitating the procedure in [5] for a standard L- 
function of forms over Q. There the result is 

n 7r 

for any integer A > 0. This is equivalent to L(s, it) = Y^=i being entire. One should 
be able to get the same bound for (11.11) . 

The Beyond Endoscopic approach to the Asai L-function would be to average ( 11.11) not 
over integral ideals but rational integers. Before stating the main theorem, we ask what do 
we expect from such a calculation? Our calculation should, for large X, behave as 

(1.2) i E c «( n ) ~ E Res s=Ms, IT, Asai) + 0(X~ S ), 5 > 0. 

n n n 

As we said, if the Asai L-function has a pole at s — 1, then IT is a base change from a form 
over Q, specifically a form ix of level D with nebentypus xd, see [A]. Lets label these forms 
by B(D,xd)- So our heuristic in ( II. 2p becomes 

(1.3) ^i?es s=1 L(s,n,Asai) « ^ 4 ( 7r ) L ( 1 > sym 2 (n)) + 0(X~ S ), 5 > 0, 
n 7TeB(D, XD ) 

where A(tt) is a certain constant associated to n. This heuristic is still not quite accurate 
as (11. 3p says every n £ B(D,xd) has a cuspidal base change. This is not true as Maass' 
cuspidal theta forms or dihedral forms constructed from Hecke characters over a quadratic 
field have base changes that are Eisenstein series. Say a theta form 9^ is constructed from a 
Hecke character u, then the associated Asai L-function decomposes as 

L(s, 9 U , Asai) = L(s, xd) 2 L(s, 6£). 

Thus our almost complete heuristic for the calculation is, 

(1.4) ^2Res s=1 L(s,H,Asai) w A(tt)L(1, sym 2 (n)) + 0(X' 5 ),5 > 0. 

II neB(D, XD ) 
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The heuristic in some sense is lacking as it only tells us information at or near s — 1. From 
the definition of the Asai L-function, we only get analyticity (ignoring whether there is a 
pole or not at s = 1) of the L-function up to the zeroes of ((2s). To remedy this we do an 
extra averaging in m G Z, which should, and does, remove the poles created by the zeroes of 
the ({2s). 

Final heuristic! 



(1-5) ^EE^E^^ E A(n)L(l,sym^)) + 0(X- M ), 



m n n TreB(D,XD) 



for any positive integer M > 0. 
Our main result is: 

Theorem 1.1. Let V = Vy x V 2 G C£°(R+) 2 , and g e Cg°(R + ), such that J °° g(x)dx = 1. 
h(V,y) is a Bessel transform ofV with index y defined in the next section. For any positive 
integer M > 0, and quadratic integer I with Galois conjugate I' and (I, D) = 1, 

(1) {Cuspidal contribution} 



x- E E 9^ 2 n/x) W fn)c n (n) Q (n) = 

m n nyi 



r\l 



(2) {CSC := Continuous spectrum contribution} 

Let jik = ]^^5 where €q is the fundamental unit of K, and = 



^EE^ m V^)c^ 



m n 



2 ni Vyy 1 47r M^i^fc)M^,^)^ fc (g)^ fc (i) . 



D V^fe^V*'^} cosh(7r^)L(l,XD)^(l,a;2J 



^1 r ^i,t)^2,t)r tt @r it (l) , 

2^X7/ 1771 _™ v ^i2 dt +U(X ). 



,.„ N 4 W-oo \L(l-2tt, XD )\ 2 
r\l 

We state a hypothesis needed for matching. 
Hypothesis 1.2. Assume for any IT, there exists \I\ . \I> > 0, such that 

(1.6) i ^^(m 2 n/X)c n (n) « (1 + |t ni |) Ml (l + l*n 2 |) M2 - 

n,m 

This is an assumption we need to reduce the sum over II from infinite to finite dimensional. 
This assumption follows easily from the functional equation, but one would like to obtain all 
information about the L-function using only the trace formula. It is still certainly conceivable 
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to get such a result purely from trace formula, but for this paper we make this uniformity 
assumption. 

In this paper we show the following corollaries of the theorem, assuming Hypothesis 11.21 

Corollary 1.3. If the Asai L-function associated to a representation IT has a pole at s = 1, 
then there exists a modular or Maass form <fi such that q(Ll) = ^ r6 fja«' (0). 

r\l 

We define such a form as IT := £?Ck/q(0). 

Corollary 1.4. ((2s)L(s, II, Asai) has analytic continuation to the entire plane with the 
exception of a simple pole at s = 1, where then U = 5C*k/q(0), for a form of level D and 
central character \d- 



2. Details of Paper 

There have been several papers using the trace formula to prove quadratic base change. 
These include |Laj . jSa] . and [Y]. The first two references |Laj . jSa] proved base change by 
comparing a trace formula over the ground field (in our case Q) with a certain "twisted" 
trace formula over the quadratic field. The comparison is made through an equality of the 
associated test functions used for each trace formula. The last reference [Y] is the most similar 
to our approach as it uses the relative trace formula. The Kuznetsov trace formula, which 
we use, is a special case of the relative trace formula, see |KL] for a derivation. However, 
there is still a comparison of trace formulas involved with [Y] . 

Naively, the beyond endoscopy idea is to start with one trace formula and extra averaging 
over spectral data( fourier coefficients, whittaker functions,..) and by "brute force" compute 
the answer. The same test function is used from start to end. To do such a calculation, one 
relies heavily upon analytic number theory techniques, not used in previous trace formula 
comparison papers. With these techniques, one gets a very good feel for the geometric side 
of the trace formula, and how one literally "builds" the spectral sum of the forms over Q. 

It seems a nice gift that the analytic continuation of the Asai L-function comes with 
the comparison. In the sense of getting analytic information on L-functions using a trace 
formula, the author is reminded of the beautiful paper of Jacquet and Zagier |JZj . which 
gets analytic continuation of the symmetric square L-function associated to a Maass form. 

To the specifics of the paper, in section 3 we introduce the Kuznetsov trace formula stated 
in |BMP1] . They stated it for a general real number field, we only use it for a quadratic 
extension of Q. In section 4, we describe what is the residue of the Asai L-function when it 
has a pole. 

In section 5, we prove a crucial bijection between solutions of two different sets of equations. 
This bijection gets rid of the difficult to handle e(-) when one "opens" the Kloosterman sum 
on the geometric side of the trace formula. With the bijection, in section 6, we implement 
it into the trace formula. Then, the hard analytic number theoretic computations are done 
in section 7. The problem is that all of our computations are done over the quadratic field 
Q(v^D), when our aim is to capture forms over Q. In section 8 we use a formula of Zagier, 
[Z] which in its simplest form is, for D\n, 
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£ e{—) = 4=S D {l,l, n ). 
reOK/(^) yu 

rr'=l(n) 

Here Sd(1, l,n) = Xwn)* X-o( a ) e (^^)- This is our "bridge" to the trace formula over Q. 

In section 9, we deal with the continuous spectrum over Q(yD). In section 10 we realize 
that the computation done in section 7 really is the geometric side of the trace formula 
over Q. This requires an important theorem on the convolution of Bessel transforms in 
[H] . In order to get an equality or comparison of just cusp forms from Q(y/~D) to Q, we 
compare Fourier coefficients for the continuous spectrum over the 2 different fields. Then 
the continuous spectrum can be removed from both sides. Lastly, in section 11 we exploit 
the Hecke algebra associated with the problem, and match associated forms. As well, we 
show the analytic continuation of the Asai L-function. 



Acknowledgements. I would like to thank my advisor Jonathan Rogawski for proposing 
the idea of the studying the Asai L-function. I would like to also acknowledge the very useful 
conversations with Brian Conrey and Akshay Venkatesh. 

3. Preliminaries 

Let K = Q(yD), with D prime and assume it is of class number one. This is to simplify 
already intensive calculations. The ring of integers will be denoted Oj£. Here the discriminant 
D K = D, and the different is generated by 5 = y/D. Likewise, define the absolute norm of 
an ideal c as N(c), and the norm of an element z G Ok as N(z). We denote the non-trivial 
automorphism in this field by x — > x' . We use the standard notation for the exponential 
e(Tr K/Q (x)) := exp(27c l (l + £)). 

A bit of terminology is needed before we can define the Kuznetsov trace formula. We 
closely follow, and leave much of the details, to |BMP1] . We consider the algebraic group 
G = Rk/q(SL 2 ) over Q obtained by restriction of scalars applied to SL 2 over K. We have 

(3.1) G := Gr = SL 2 (R) 2 , G Q S {(x, x) : x E SL 2 (K)}, 

G contains K := SC^M) 2 as a maximal compact subgroup. 

The image of SL 2 {0) C SL 2 (F) corresponds to G%. This is a discrete subgroup of Gr 
with finite covolume. It is called the Hilbert modular group. We label it T. 

In this paper, we are concerned with functions on T\G. We restrict ourselves to even 
functions: f(—g) = f(g)- By L 2 (T\G) + we mean the Hilbert space of (classes of) even func- 
tions that are left invariant under T, and square integrable on T\G for the measure induced 
by the Haar measure. This Hilbert space contains the closed subspace L 2 (r\G) + generated 
by integrals of Eisenstein series. The orthogonal complement L^(T\G) + of L 2 (r\G) + is the 
closure of ^ n Vn, where n runs through an orthogonal family of closed irreducible subspaces 
for the G-action in L 2 (r\G) by right translation. 

3.1. Irreducible unitary representations. Each representation n has the form n = Hi® 
n 2 , with H,- an even unitary irreducible representation of SL 2 (IR). Table 1. of [BMP1 ] lists 
the possible isomorphism classes for each H,. For each n we define a spectral parameter 
— (^iLi; ^11,2), with z/nj as in the last column of the corresponding table. There are Casimir 
operators Cj acting on each coordinate for 1 < j '• < 2. The eigenvalue An £ K 2 is given by 
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An,j = \ — We n °t e that if 11^ lies in the complementary series, Anj G (0, \) and if IT, is 
isomorphic to a discrete series representation D^, b G 2Z, b > 2, then An,j = |(1 — f ) G Z< . 

The constant functions give rise to II = 1 := (g>jl. It occurs with multiplicity one. If Vn 
does not consist of the constant functions, then EL, ^ 1 for all j. 



3.2. Automorphic forms and Fourier coefficients. The elements of Vn that transform 
on the right according to a character of the maximal compact subgroup K are square inte- 
grable automorphic forms. The r-th Fourier coefficients of the automorphic form /fi at the 
cusp k, is a rA (/n) where k is the defined as in [BMPlj . They are essentially independent of 
the choice of automorphic form chosen in Vn, and so we call them a ritt (IT). For the purposes 
of the Kuznetsov trace formula we define 

(3.2) ^):'f[ (-WW* 



D fi r (| + Vj + ig(^)sign(r,)) ' 

where q(vj) = if IL is the principal or complementary series, and equals b if IL is the 
discrete series with minimal weight b. 

Then the coefficients associated to the trace formula are defined as c r (H) := " r -°°( n ) This 
is very similar to Equation (17) of [BMPlj. We do not indicate the cusp in the definition of 
d K (r, v) as we are in class number one, and so we have to only consider the cusp oo. 

The Kuznetsov trace formula then is 

(3.3) ^/^i/n^n^n) + {CSC^} = 

OO j 

where v G Ok- V = Vj. x V2 is a test function in C£°(M + ) 2 . The tranforms associated to 
the archimedean parameter z/n are 

f i k ^V^J^ x {x)x- x dx if z/ n , G 2Z; 

(3.4) /H^nJ - j J»y i ( a .)^( a .) a .-i da . if ^ e 

Here, B 2 it(x) = (2 sin(7rzt)) _1 ( J-2it(x) — J2it(%)), where J M (x) is the standard J-Bessel func- 
tion of index //. The Kloosterman sum 

(3.5) 5(r, a ,c):= £ e(Tr K/Q (^^)), 

where xx = 1(c). We do not describe the continuous spectrum here as it is quite lengthy, but 
elaborate on it greatly in Section [9j Other descriptions and applications of the Kuznetsov 
trace formula for number fields include [BMPlj , |BMP2] . |KLj . and [V]. 



4. Residue of the Asai L-function 

We answer the question of what is the residue of the Asai L-function for a lifted holo- 
morphic Hilbert modular form F of parallel weight k. The other spectral cases are similar. 
As stated earlier, the Asai L-function of F has a pole at s — 1 if the form is a base change 
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F = BC^fn^yq{f) for a form / of level D and central character xd- Following let 
I 2 :=Ix H, then for F(w 1} w 2 ), 

(F,F,SL 2 ((D)}= [ \N(y)\ k \F(w u w 2 )\ 2 d x w, 

JSL 2 (0)\U 2 

where Wj = Xj + yji,j = 1,2. Similarly, for / G Sq(T (D), Xd), we have the standard inner 
product 

(/,/,r (£>))= / \f(z)\ 2 y- 2 dxdy. 
Jr (D)\w 

Then the residue of the Asai L-function is 

(4vr) fe (F,F,SL 2 (0)) 



Res s= iL(s, F, Asai) 



T(k) ((2)(fJ,r (D)Y 

Now including that we take an orthonormal basis of F and the Fourier coefficient normal- 
ization of (13. 2p . we get 

1 °° 12.D 1 

{ F,F,SHO)) Res -' g c " (F),r " = —(S,S,UD)Y 

Taking into consideration we have an extra average over m in the Theorem removing the 
C(2), and that the sum of forms / over Q are an orthonormal basis for To(D)/M with norm 

11/11. ==5(lVT)(/./.r.P)>, 

we have for unnormalized Fourier coefficients a n (U), 

°° 27T 1 

(4.2) Res s=1 a n (F)n- s = — = 2tt(1 + -). 

5. Number-theoretic lemmas 

We prove some number-theoretic lemmas that are crucial to our calculation. 

Definition 5.1. Let X(c,n) denote the equivalence classes (x,m) with x G On such that 
(x, c) = 1, m 6 Z, and 

S'c'x + Sex' = n — mN(5c). 
Here we say that x is equivalent to y if x = y (mod c). Let X(c, n) be a set of representatives 
for the classes in X(c,n). 

Proposition 5.2. Let 7 = (— l) e r] m where rj is the fundamental unit of the field K and 
e E {0, l},m G Z. Let (x,m) G X{c, 0), i/ien c = 7a or 76-vAD, a,t 6 I Further, rj' m x = 
r) m x'(5a), if c = 7a and 77 m x = —r) m x'(Db), if c = 'yby/D. Also we can choose r] m x 
k + hvD(5a), k, h G Z wift 2/i = 0(a) if c = 7a. Likewise, r] m x = k + h\/D{Db) 1 k,h G Z 
z/2A; = 0(D6) i/c= 76^. 

Proof. It is clear that (x,m) G X(c, 0) implies c = O(c'), likewise c' = 0(c), This implies 
by |FT] (V.1.16) c = ^ m a 6 Z or c = r] m b\/D, a,b G Z. Without loss of generality take 
c = 7a, then this implies 5a(r] rn x — 7] m x') = 0(Da 2 ), or rj m x = r] m x'(5a). This implies 
r] m x = r]' m x'(5a). The identical calculation for c = r )b\[D 1 gives 7/ m x = —rj m x'(Db). The 
last statements are clear if we let r\ m x = k + Zv^D- 

□ 
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It is assumed, unless stated otherwise, 0. 

Proposition 5.3. Let (x,m) £ X(c,n). Letx £ Ok be an inverse of x modulo c. Then there 
exists an r such that rr' = 1 (mod n) and 

(5.1) x= 6cr + 6 ' C ' , 

n 

The r is uniquely determined modulo j by the equivalence class of x, and the map from 
X(c,n) to the set r modulo n is injective. 



Proof. Set 



nx — 5'c 
6c ' 



Note that r is an integer in the field K because 

nx — 5'c' = (6'c'x + 5cx')x — 5'c' = 5'c'(xx — 1) + 5cx'x = (mod 5c) 
It is clear that r is determined by x. If we replace x by y = x + //c, r is replaced by 



(5.2) 



s = r + jj, 



n 



If x and y in X(c, n) are both associated to r, then x = y. Therefore x = y (mod c) 
Finally, 

nx — 5'c'\ ( nx' — 5c 



5c 



5'c' 



n 2 xx' — nx5c — nyS'c' nxx' — x5c — x'5'c' 

1 H titt = 1 + n— 



But 

so we have 



N(5c) 

nxx' = (5'cx + 5cx)xx' = 5'c'xxx' + Scxx'x' 
5'dxxx' + 5cxx'x' — x5c — x'5'c' 



N(5c) 



rr' — 1 + n 
= 1 + n 
= 1 + n 



N(6c) 

S'd(xx — l)x' + 5c(x'x' — \)x 



x'q xq' 
~T + ~5 T 



N(6c) 
,qeO K . 



The expression in brackets is an integer of the field, so rr' = 1 (mod n). It is also easy to 
check that from (15. 2h . 

n n 



□ 

Definition 5.4. Let c be an integer in Ok- Set d = (c, c'). Assume that d\n. Let Y(c,n) be 
the set of classes r £ (Ok/(j))* such that 

(a) {5c/d)r + {5'd/d) = (mod f) 

(b) {5c/d)r + (5'd/d) £ (mod f) if k\d and k < d. 

It is easy to check this definition is well-defined on classes r £ (Qk/("t))*- 
Proposition 5.5. The map % : [x,m) — > r defines a bisection between X(c,n) and Y(c,n). 
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Proof. Let (x,m) G X(c,n). We show that the associated r belongs to Y(c, n).Then 

5cr + 5'd {5c/d)r + (5'd/d) 



x 



n (n/d) 



Therefore, ^f- + ^-f- = (mod ^) and (a) is satisfied. Suppose that m is a proper divisor 
of d and let k = d/m. We claim that + ^j- ^ (mod If this were not the case, we 
would have 

(5'c'/d) + (Sc/d)r _ (5'd/d) + (5c/d)r 
X ~ (^/d) ~ m fa/k) 

This would imply that m divides x, which contradicts the fact that I is a unit modulo c. 
Therefore (b) is satisfied and r G Y(c,n). Furthermore, the map i is injective on X(c,n) by 
Proposition 15.31 Next, assume that Y(c,n) is non-empty. Let r G Ok be relatively prime to 
n and assume that r (mod n) belongs to Y(c,n). Set 

(c/d)r — ( c'/d) d — cr 



(5.3) e 



Then £ is relatively prime to d because (c/d)r — (c'/d) ^ (mod n/M) for all proper 
divisors k of d. On the other hand, if q is a common factor of both £ and c/cf, then q\d/d. 
But (c/cf, c'/d) = 1 so g is a unit. This proves that £ is prime to both d and c/d, and hence 
is a unit modulo c. Now choose x G Ok such that x£ = 1 (mod c) and set x = £. Then 

IX = 1 + yUC 

for some // G Ok- 

We claim that there exists a m G Z such that 

+ 5cx' = n — mN(5c). 

We notice first 

n — 5'dx ^ 

i G °K- 

Indeed, by (15.31) we have S'd = xn — bcr, so 

n — 5'dx n — (xn — 5cr)x n(l — xx) + bcrx nix „ 

x = , = F = rx -\ — y~ G Ok- 

be be be b 

Now, by the above argument, there exists some m G Ok such that 

n — 5'dx 



x' + mb'd 



be ' 
But this implies 

bcx' + 5'dx = n — mN(5c), 
which implies m G Z. Now if we take 

n 

s = r + 7-, 

its clear ( 15. 3 p changes £ — > £+70, and the rest of the argument follows analogously. Therefore 
equivalence classes map to equivalence classes. This proves the surjectivity and hence the 
bijection. □ 
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6. Taking Geometric side of Trace formula 

In this section, we rewrite the left hand side of Theorem 11.11 and discuss what the next 
sections will involve. Using the Kuznetsov formula the left hand side of Theorem II. II equals. 

(6.1) (L) := ^ E ff(^)(E^^)cn(n)#j + pC nil }] = 

X E 9(^n/X)^2—-S(n,l,c)V 1 (^^)V 2 (^^). 

m.raSZ c ^ * 

We now break up the Kloosterman sums and gather all the n-terms. We can do this 
because c and n sum are finite due to the support of g and V. 

m c x(c)* 

E x x' 2 ,^ T . AnVnl AnVnl' 
«Tr + V^)K(— — )V 2 {— — 



"5c 8'd 

where x is the multiplicative inverse of x(c). 

Since the term in brackets is smooth, we can and do apply Poisson summation to the 
n-sum as well clS db change of variables t — > Xt : 

^ EE^E^^) 

m c v ' xic)* 



£ L e(xt{ nw MJtm—r-m—j—vj . 

We hope the confusion of using m- and m-sums is not too big, the use of one will go away 
shortly. 

As we have fixed I, let 



I u (n,c,X):= J e (— — ^(m 2 *)^ —)V 2 ( - )dt 

Then (L) is equal to 

E E ^ E e (7 + v } E J »(^ v + ^ - N ( c5 ) m ' c > x ) 

m c ^ ' x(c)* rneZ 

Let X'(c, n) be the set of solutions (x,m) of the equation 

S'c'x + Sex' — N(c<5)m = n 

where x range over a fixed set of representatives of (Ok/c)* and m G Z. Then (L) is equal 
to _ 

£££i4 £ 4 + ^Wn,c,x) 

m neZ c v y (i,ra)6X'(c,n) 
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Note there is a bijection between the set (x,m) G X'(c,n) and the set of equivalence 
classes (x,m) in X(c,n) from Definition 15.11 Thus we may replace the sum over X'(c,n) 
with a sum over X(c,n): 

m neZ c v ' x£X(c,n) 

Finally, let 

(6.4) ^EEs^ E e( I + !^- ( "' c ' x); 

then 

(6-5) (L) = ^A n , x 

neZ 

Let us fix the generator of the different as \fD. 
Lemma 6.1. For n defined above, D\n. 
Proof. Let c := a + /3y/D, x := w + z\TD, then 

(6.6) n = (-VD)(a - fiVD)(w + zVH) + (VD)(a + pVD)(w - z^D) + 

Dm(a 2 -Df3 2 ). 

This equals 

-2D(az - f3w) + Dm(a 2 - 2(5 2 ). 
We know see that (16.51) equals, 



□ 



(6-7) 

D\neZ 

Now for n ^ 0, we can use the bijection of Proposition 15.51 to rewrite A nj x as a sum over 
r G Y(c, n): 

-^-E E «<^> E ^(7'7 + >'^' 

» reo K /(f) c v 7 

r G F(c,n) 

Definition 6.2. Lei X n (r) be the set c such that r G Y(c,n). 

Definition 6.3. Let H n ^(x, x') := ^e(^ + ^)/»(n, x, 1). 

The main result of the calculations can be broken down into the cases: n = 0, and n ^ 0. 
We let 

'1 if 1 = 1'; 
if/^Z'. 

In Section 1731 we show for any integer M > 0, 

(6 . 8) ^ = w3>r rww^ + o(x-<). 



o Jo ^2/ 



M \ 
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In Section [T721 for fixed n / 0, r 6 (Z/n)*, and any integer M > 0, we have 
(6.9) 

i —i ir' 1'r (l ■+- —) r°° r°° 

E E ^T + T))*^^ / H n (x,y)dxdy + 0(X- 

m ceX n (r)^ [C) 71 ° ^ VD Jo Jo 

In Section [8] for (/, D) = 1, we get the r-sum in A Ut x is replaced by a sum of Kloosterman 
sums twisted by the character \d attached to the quadratic field K. Specifically this is 

rl + r'V, 1 n ,1V Da, 



rl + rT 1 

2. <— —) = -ml^ rS 



2 ,i, 



reO K /(f ) V reN 

rr'=l(n) r * 

ra 



Combining sections 17.21 and [8] we get 



D 7^ r r Jo Jo 



r\l 
r\a 



Lastly, sections 17.14 17.21 and E] then show 
(6.10) 



1/0 170 y a=l rSN 

r|Z 
r|a 

/•OO /"OO 

/ / H Da (x,y)dxdy + 0(X- M ). 
Jo Jo 

7. Computing A q)X . 
We separate the cases of A 0t x, and A qX , q ^ 0. The former is computed first. 

7.1. Evaluating Aq.x- We note from Proposition I5.2l the pair (x, m) G X(rfa, 0), bijectively 
corresponds to (ifx,m) G X(a, 0), where j, a G Z. Therefore, since we count x mod (c) up 
to equivalence class in the trace formula it suffices to just look at a fixed j. 
Using Proposition I5.2[ we get from inside A 0) x for c = a, 

rf'xl , rj^l\ ^ y(l - I') 



For c = VDb, we get 



x&X{a,0) y{a)* 



( y' j xl rfx'l' _ y(l - V) 

^ 6[ Db Db ) ^ 6[ Db 

x£X(bs/T>,0) y{Db)* 



Introducing these to A ,x gives, 
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/ s „ v^rv^i fy(i-i')\ f°° , 9 s Aicvxii. ativxh,, 

m a=l y(a)* V / J -oo 

1 ^ i ( y U-i')\ r°° 4>irVxU Syr AttVXH. , n 



6=1 j/(Db)* 



Proposition 7.1. For any integer M > 0, 

(7.2) ^ = fMHili) f f ^fo)^ + O(A-). 

Proof. Let 



o v/o 



1 f 00 

ff.foj/) := — / o(m 2 t)K 
^2/ Jo 



x 



)V 2 (^—)dt, 



then notice 

H m (x,y) = Hx(TDX,my). 

For economy we use H(x,y) for Hi(x,y). 
We then have 

m a=l v(a) 



6=1 j/(D6)* 



It is sufficient to focus on the first part of f)7.3p . 

Let H(si,s 2 ) '■— J °° J °° H(x,y)x Sl ~ 1 y S2 ~ 1 dxdy. Then by Mellin inversion, the sum over 
equals 

V" ( — I / H(sx,s 2 )[ L(si + s 2 )ds 1 ds 2 , 

„ \ 27r v -W 2 ) v m / V m / 

for Oi > sufficiently large. Here 

a=l 

where / n (y) = JTJxfo)* e (^f ) * s ^ ne classical Ramanujan sum. Notice the exponential sum in 
L(s) is independent of the choice of representatives as l -jf G Z. Also note we removed the 
indication that the residue classes modulo n are rational integer classes. 

Using the fact f n (y) = fi yj^j ) an d m ultiplicativity, 
(7.4) ^ 
rf , \ n d 1 \ TT n 1 ui 1 \ n p |(/-«')( 1 + p(s 1+ s 2 )-i) 

Pt(i-i') p|(i-i') 
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If 1 = 1' then 



<M«) C((si + aa)-l) 



Since H is smooth and compactly supported H(s\, s 2 ) <Cat [(1 + |*i|)(l + N , and we 

can clearly interchange the integral and m-sum. Notice also the m sum inside of the integral 
is COi + s 2 ). 

So we have after recollecting terms, 

( 7 - 5 ) J2 I H( Sl .s 2 ) (VxX 1+S2 L{s x + s 2 )C(s 1 + s 2 )d Sl ds 2 . 

j 2mX J(<n,m) V J 

Lets assume / = I', notice now how the poles of L(s\ + s 2 ) are at the poles of £(si + s 2 ), 
however these are exactly removed by our extra summation over m e Z! 
Now using contour integration — > —M, M > 0,i = 1,2, we get 

(7.6) ^#(1,1)+ ^-L_) J ^ ^H(s 1 ,s 2 )(yxy i+S2 L(s 1 + s 2 )C(s 1 + s 2 )ds 1 ds 2 . 
So using trivial bounds on the integral, 

^H(1,1) + 0(X- M ). 

Similar analysis can be done for I ^ V , here however we get no pole from the L-function 
(jZ2| and the term here is 0(X~ M ). 
For the 6-sum we only note here 

V <KDb) D v 0(&) 
^ (Db) 2s D 2s 2s b 2s ' 

6=1 V 1 6=1 

The same argument in (17.1 j) gives ^H(l, 1) + 0{X~ M ). 
Therefore (17.11) equals 

i ( f 1} + w &{1 > l)) + ° {X ' M) = + o{x-&-»). 

Then we note 

#(1,1)=/ / / gtfV^ )V 2 { )dt- ' 



'0 Jo Jo x y x u 

A change of variables x — > j^, y — > ^j^, and the use of / °° g(x)dx = 1, gives the result. □ 

7.2. Evaluating A nj x, n 7^ 0. Fix r, then by Proposition 15. 5\ X n (r) is the set of c such that, 
setting d = (c, c'), we have 



1) £ ^ are both prime to j|. 



(2) ^r±5V = (mod 2 

(3) ^r±^ ^ (mod f ) if /fc is a proper divisor of d. 
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Now for each divisor d of n, let X n (r, d) be the set of pairs c in X n (r) such that (c, d) = d. 
We would like to prove that there is a constant R(n, d) such that 
(7.7) 

i _i ]J ]f r i i r°° r 00 

E E MTT e (— (-+^))/.(n,c,X) = (l+-)i2(n,d)- / / H n (x,y)dxdy+0(X~ M ) 

and 

Remark. We want this expression to be independent of r as in the geometric side of the trace 
formula, the archimedean part does not depend on the r-sum inside of the Kloosterman sum. 

Let us describe X n (r, d) explicitly. If c G X n (r, d), then there exists a A G 0k such that 

(7.8) — = - -r + A-. 

a d d 

Let a, b G Ok, then define (a, fe)z to be the gcd of a and 6 inside of Z. 

Lemma 7.2. Fix c such that | zs relatively prime to K, and r such that rr' = l(n). Let 
A G Ok and defined by Then c G X n (r, d) if and only if (A, d)z, = 1- 



Proof. If (^,5) = p / 1, then by f)7.8p . a contradiction. And if p divides c'/d and 
n/d, then (17. 8p gives p\r(c/d). But (r,n) = 1, so this implies that p divides c/d - again a 
contradiction. 

If d = 1, the requirements are met. 

If g? ^ 1, we must also require that 

5cr + 5'c' , , , n „ 

(7.9) ^ (mod p- 

n a 



for all But 



<5cr + 5'c' n 
A- 



d d 

Therefore (17.91) holds if and only if A ^ (mod p) for all p\d. In other words, A must be 
relatively prime to d in the ring of integers of K. But it suffices to check the gcd of A and d 
in the rational integers. Now (17.81) implies there exists q G (9k, such that 

(7.10) \' = r'\ + 5cq. 

Suppose (A, d) = p 7^ p' and p' \ A, then 117. lOft is contradicted. 

□ 

Perhaps it is more convenient to replace the c with dc where 1 = (c, c'). Then the left-hand 
side of (17.71) is equal to 

m c:(e,c')=l V 7 
(A,rf)z=l 

To study this more we also we need a further lemma counting solutions of (17. 8p . 
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Lemma 7.3. Let nfZ and rr' = l(n). If f\d, f e Z, d = a", and c£|n, i/ien i/ie set 

#{c : cr — c = Q(-^jr) an d ( c j c ) — 1} — 
If d = —d', then the set is of size j^. 

Proof. We assume d = d', the other case is similar. Let c := a + fev^D and r := x + yy/D. 
Then the condition 

(T.12) ^c^), 

implies a(x — 1) + Dby = O(^). As D|n, (a, n) = 1, implies a = or x = l(-D). If a = 0, 
then (c, c') > 1, a contradiction. 

Now assume x = l(-D), or x = 1 + -D/, / G N. Then r = 1 + Dl + yv^D and rr' = l(n) 
implies 

(7.13) y 2 = Dl 2 + 21(h), 

where n = Dh. 

Likewise, (17.121) implies al + by = 0(-f ). Assume a + oa/fJ and a + b'yD satisfy ( 17.12ft 
for 6 ^ 6', then one gets (6 - b')l = O(^). If I = O(^), then (1713|) implies y = O(^), 
or r e 1(-^^). Thus counting the integral elements {c : c = c'(tt)} is clearly 21. Otherwise, 
b = b'(—J-), and again the size of the set is The same argument works if we assume two 
pairs a + b\f~D and a! + by/~D. 

□ 

Definition 7.4. Let H n>m (x,x') := ^e( ^ + ^)4(n,x, 1). 

Like the n = case, H ntm (x,x') = H Tli i(mx,mx'), by a change of variables. Again for 
economy we label H n (x,x') = H n ^(x,x'). Then (17. lip equals 

1 ^ — v ^ — ^ , dc dc . 

m c:(c,c') = l 
cr-c'=X^ 

ad 

(A,d) z =l 

Proposition 7.5. For any integer M > 0, 
(1) //d = d', 

1 r/r r/r' 1 /"°° 

7 E £ H n (m-=^-=) = ^= r R(n,d) / /d n (x, y)dxdy + 0(^ 3M A- M ). 
A „ i VI VA V-Dn Jo Jo 



c:(c,c')=l 
cr-c'=A^ 

do 

(A,d)z=l 

(2) I/d=-d' 



I rlr> rl ' 1 /*GO /*00 

E H n^^^) = J^JT R M / //,i.r.//)r/,v/ // | 0(ri : "'.Y 

A " / a 1 VA VA i> ' n Jo Jo 



c:(c,c')=l 
(A,d)z=i 



(3) E d |n^^) = l 
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Corollary 7.6. A n , x = £+M £ d|n R(n, d) J Q °° / °° H n (x, y)dxdy + 0{rr™X- M ) = 
{ -±±M J" H n (x, y)dxdy + 0(n~ 3M ^X- M ), for e > 0. 

Proof. {Corollary} Immediate after Proposition 17.51 □ 

Proof. Take the case d = d! . We ignore the factor, and fix an m for the moment. The 
condition (A, d)% = 1 is now removed with Mobius inversion. Letting E := cr — c', this gives 

^2 E ti(a)H n (m-jL,m d 



VX y/X' 

(cj)=l ad E 

HZ 



Rewritten this is 



(7.14) 5>(a) ^( m 4=' m 4^)- 

The condition £" = 0(^|) is removed via Dirichlet characters. Note from Lemma [7.3} the 
size of the group of multiplicative characters on this group is 
We get (EUD equals 



EE M«) E if^E^M W m 

m ^ (e,c')=l V " *<~) / 



m- 



vCr Vx J 



Lastly, (c, c') = 1 is equivalent to (c, /) = 1 for all I G Z. This condition can be removed 
again by Mobius inversion. This provides 

('"■'-) >;>>') >; /'(»> ■| 77 ^r>;x(icr)x(W)|^»(m^,in- cfl '' 



EEM«) E ^)E ( E X(lcr)x{lc!)) H n (* 

m aid (=1 c 1^^ v(2») / 



The main contribution comes from the principal character Xo( 2 r)- We label the term with 
the principal character as T (n,d) and the rest of the characters as T R (n,d). Therefore, 
QZ35) equals T M (n, d) + T fi (n, d). 

7.3. Analysis of T M (n,d). We focus now on T M (n,d). This term fully written out is 

(-) EEgy £ MO £ i^-g). 

(i,Jf)=l ( c 'lf)= 1 

Now we aim to perform Poisson summation on the c-sum. First we notice in (I7.14p one 
cannot have an inert prime p divide c, or analogously the ramified prime yD cannot divide 
c. Thus the condition (c, ^) = 1 can be restricted to only split primes, which we label 
(c, 1! f)s P i = 1- With Poisson summation we have, 
(7-17) 

E TT . die did . 1 tt/1 i \2 f°° f°° tt i dlx dly is,, 

H n {m-=,m-=) = -= I Ul-l/p) > / / H n (m-=,m-=)e{mx+my)dxdy. 

c VA VA \/ D a *-± J-ooJ-oo VA VA 

(c,^) Spi =l 
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The factor ^= comes from the volume factor of the summation formula over number fields, 
see [V] for a statement of the formula. 

Including this into (17.161) and a change of variables x — > y ^f- and y — > ^f-, we get 

(7.18) 

Now H n (x,y) is compactly supported away from zero, and integration by parts Q-times 
for m/0, one gets 



OO POO 



TT( \ ( X ( U_ MW A ( U \ Q r r dQH n(x,V) ,X, M , nx. . 

H n {x,y)e{ — {mx+my))axay= I — — / / — e( — {mx+my))dxdy. 



-X./-X Id ' \mX J i.ooJ.oo Id 



To simplify (I7.18p . we define 



(7,9) BmM: ^ E ^^ E ig E ^nii-v^x 

V m aid rV d ' 1=1 

1 (i>^)=l 



d^H n (x,y) X 

e{ — [mx + m y))dxdy. 



OO </ — OO 



Now remember that in Definition 17.41 of H n (x,x') is 



4(n,x,X)= / e(^-y)^(m 2 t)\/ 1 ( - )V 2 ( ^ )rft. 



OC 



Again, integration by parts A-times in this integral gives the bound O(^), and thus we 
also have the same bound for H n (x,x'). 
We recall that 

V ^ 1 TT 1 

^ z 2s c(2s) -LI (l- -1)' 

z=i sv y ,na v 

Notice now that then the product of the m and I sum is FL™ t, — t — \- 

Using trivial bounds on the a|d-sum and pl^-sum, and taking A > 3Q, we get 

(7.20) B m {n,d,X) = 0(n- 3Q X~ Q ). 

m^06O K 

Now we focus on the m = term. Again the m-sum and the /-sum cancel, so the term to 
compute is 

-l^Y-^T\(^—4) r f°° H n (x,y)dxdy. 
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Usin S n^ln^ 1 ~~ p) = n' our expression becomes XR ^ d) H n (x, y)dxdy, where 

R(n,d) ;= 1 Y^M^) TT 



(7.21) 

Lemma 7.7. Z d \n R ( n , d ) = £■ 



a\d 



Proof. R(n, d) is multiplicative and so it remains to evaluate it at a prime power n = p l 
where d — p l , i — 0, /. It is sufficient to do this computation for i — 0, 1 < i < I — 1, and 
i = /. For i = 0, the sum has only one term 



R(p l , 1) 



For 1 < i < I - 1, 



For i = /, 



Now 

So 
(7.22) 

(7.23) 

(7.24) 



R[p l J 



i A- 1 



pi+i I 1 _|_ I 
\ p _ 



«(p'.P , ) = ^i|l- 



P 



2/ 



p(i + J)y p 2 '(i + p)' 



i-i 



Z_^p* 1 



1 - 



1 _ 1 

p p^" 



i=0 



pl _l_ pl-1 



1 - 


I i= l-I 




p p 




L pip 


+ 




[p'+p'- 1 - 1 + 1] 


1 




pl 





+ 



Incorporating back the ^ factor we are left with 



Dn 



OO POD 



H n (x,y)dxdy. 



oo J — OO 



□ 



But remember H n (x,y) is defined in terms of the test functions V\,Vi G C^°(1R + ), so inte- 
gration is limited to J °° J °° H n (x,y)dxdy. The same compuation can be done for d = —d', 
to get 

I /"OO />oo 

H n (x,y)dxdy. 



D 3/2 



n 



oo </ — oo 
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7.4. Analysis oiT R (n,d). Here 
(7.25) 



d (i,if)=i 



na ^ 



Now fix a character x Xo an d break the c-sum into arithmetic progressions modulo 
to get the inner sum equals 

(7-26) ^X(« £ #>^,m^=). 

Note we used |x(OI 2 = 1- Now using Poisson summation on c = q + ^m,m G Ok? we get, 
after a few change of variables, (I7.26P equaling 

l X ] \2 £ X(g)x(g / ) £ e(Tr K/Q (S) / / H n (x,y)e(^-(mx + m'y))dxdy. 
\ mua ) q{ r») me o K d J-ooJ-co ta 

Now similar to the poisson summation for T M (n, d), we separate the sum into cases m = 
and m ^ 0. Again, the interchange of sums is valid due to H n (x,y) being smooth and 
compactly supported. 

Now for m = 0, we execute the g-sum which is zero since it is a complete character sum. As 
for the exact same analysis used to get (17.201) can be reused for T R (n, d). Therefore, 

for any Q > 0, 

T R {n,d) = 0(n' 3Q X- Q ). 
This completes Proposition 17.51 □ 

8. From exponential sums over a quadratic field to Kloosterman sums 

In order to classify base change, one needs a bridge between a trace formula over our 
quadratic field K to a trace formula over Q. This formula was discovered in [Z]. 

We need a few definitions first. Let D = D\D 2 , then define if)(D 2 ) = {^)y/D 2 ~. Next 
define 



where 



D 2 bniK D 2 

D 2 \n 
(b,D 2 )=l 



I c 

H^fam) = -{—)S Dl (nD 2 ,m,c) 
c Do 



'2 

and 



— ^ d . nD 2 d + md 
S Dl {nD 2 ,m,c) = 2^77" M )■ 

d(c)* 1 

Proposition 8.1. Let D be prime, then writing n = Da, a G N 

\- ( rl + r'V r^sr^rr < U ' n 

reO K /(f) rGN 

-rr'=l(n) rl 

r\a 



QUADRATIC BASE CHANGE AND THE ANALYTIC CONTINUATION OF THE ASAI L-FUNCTION 21 



Corollary 8.2. If(l,D) = 1 then Proposition \8. 1\ implies 

^ .rl + r'V. 1 ^ IV . Da. 
> e( ) = — = > rSW — ,1, — ). 

rsO K /(f ) v reN 



-rr'=l(n) r ] Z 



9. The continuous spectrum 

We now need to compute the continuous spectrum contribution on the spectral side of the 
trace formula over the quadratic field K. Unfortunately, the normalization for the Fourier 
coefficients for the Eisenstein series is formidable. 

Let 



u(x) := | — | 21 ° gf o,A; e Z, 



x 



where eo is the fundamental unit of our field K. From [BMP2] , we let 
(9.1) 



f2(r, l/2+it,i/i) 



2N(r) 



A/cosh(7r(t + /i)) cosh(7r(t + Jt/Jj 
u 2 {c)S{r,0,c 



\7l 



X 



T(l/2 + i(t + fj))T (1/2 + i(t + //')) 



N(c) 1+2i * ' 

where S(r, 0, c) = XL( C )* e(xr/c). 

The continuous spectrum contribution is 
(9.2) 

CffC p ,g := j- D \ Y / /i(^i,t + ^)/i(^2,t + ^)^(p ; l/2 + ^,^)^(e,l/2 + ^,«/i)rft. 

More specifically, \i is in the lattice Tr K /q(x) = 0, such that |e|* M = 1, for all e G 0*. In our 
case, ix = 77"; — . k £ Z. 

' r 2 log ' 

We prove in this section 
Proposition 9.1. If 



a\n 



(9.3) i E E rf-VJOGstve = (i + 5) (e ^§ 



/i(T4,//)/i(y 2;/ /) 



"(0 <W0+ 



n 



(9-4) / M^i,t)MV2,*) ; „, ; ; M , , —dt)+0(X 

y ' J-00 { J { ) cosh(7rt) 2 \T(l/2 + it)\±\L(l-2tt, X D)\ 2 J 1 

for any integer M > 0. 

We aim first to simplify our normalized coefficients fl Using Mobius inversion 

u 2 (c)S(r,0,c) uj{r)- 2 a 2 it,^{r) 



(9.5) £ 



N( c )i+ 2ft N(r) 2i *L(l + 2it,w 2 )' 
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Noting for nGN, u(n) 2 = 1, we collect the n and m terms together from (I9.2p to get 
(9.6) £ £ 9 (A/A')^M = JL / G(.)X' C (2.)L(.)i., 

for a > sufficiently large. Here 

71=1 

is the Asai L-function associated to the Eisenstein series over the quadratic field K. Using 
the multiplicativity of the divisor function, (19. 6 j) equals for p split, p = PxJ^j 



'1 _ a,2 (Pi) Ui _ " a (Pa) Vi _ l vi _ l ' 

V 1 pS JK 1 p s JK 1 ps + 2it p s-2it , 



For p inert, oo 2 (p) = 1, so we get 

1 (1 



p 



(! " ^)(! " ^) (1 " £)(1 - - - p& 

For p = pi ramified, xiPi) = 1; an d likewise, 

+ (1-^) 



(1 " ^)(1 - ^) (1 - £)(1 - 2C£M)(1 _ _^)(1 _ _^)- 

We now have 2 cases: fc 7^ and k = 0. 

9.1. k 7^ 0. Its clear L(s) has poles at s — 1 ± 2it, but as well the ((2s) cancels with the 
C(2s), in the Asai L-function. 

Thus, shifting the contour of the integral to — M, M > we pick up a pole at s = 1 + 2it 
with residue 

x i + m C(i + ^t)L(l + 2it,u; 2 ) 
((2(l + 2it)) 

The analogous argument follows for the pole at s = 1 — 2it. 

Now using the contour shift (using the fact we chose G(l) = 1.) and the functional equation 
of the gamma function 

(9.7) T(l/2 + it)T(l/2 - it) = — , 

COSh TTl 

we get a term with 7^ on the left hand side of Proposition 19.11 is 



(9 

- y2g(m 2 n/X) l D \ / h(V u t+n)h(V 2 , t+fi')n(n, 1/2+it, iy)Q(t 1/2 + it, ifi)dt 



1 \ fOO 



h(Vi,t + fi)h(V 2 ,t + fi')x 



L(1,Xd) 



00 

-2^ „ fC\Kl(C\it 



cosh(vr(t + fi)) cosh(vr(t + n>))\T(l/2 + i(t + fi))T (1/2 + i(t + ^'))\ 2 \ L ( l + 2it,u 2 )\ 2 

X 2it ((l + Ait)L(l + 2it, u 2 )dt + 0(X~ M 



x 
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We note the term ^i XD y is mentioned in [J], but buried as a constant in |BMPlj . 
Here ((1 + Ait) has a pole at t — 0, and to understand this we use the following lemma. 

Lemma 9.2. Let H be a differentiable function in L 1 (IR), then 

PV H(x)e ikx ^ := lim^ + L\> H(x)e ikx ^ ±niH(0) as ±k -> oo. 

Proof. See [V], Lemma 10. □ 
Applying this lemma for k = — log X, we obtain (19.81) equals 

{ ' ) L(l,XD)cosHn) C osh(n>) \\T(l/2 + ifi)T(l/2 + ifi')\^L(l,ul)J + 1 1 

Here we also used // = — //, and that h(Vj,t) is real valued function. Using (19. 7p again we 
get for k ^ 

" f ^ -/i(yi,/i)M^,/iV(0"W(0 + o(x- A/ ). 



7r 2 L(l, XD )L(l,a; 2 ) 

9.2. k = 0. Loosely, the same calculations go as the previous section but here we have 

((s + 2it)((s-2it)gs)L(s,XD) 

i(s) = cp5 ■ 

Again the ({2s) cancels with the m-sum, and the poles of L(s) are at s = 1, 1 ±2it. However, 
the poles at s = 1 ± 2it, are cancelled by 

1 1 



\L{l + 2it,u 2 )\ 2 \({l + 2it)L{l + 2it,x D )\ 2 

found in (ESJ after expanding J?(r, 1/2 + it, 0)i?(£, 1/2 + it, 0). Now for k = 0, the left hand 
side of Proposition 19.11 after a contour shift to — M, M > 0, similar to (19. 6p . 



(9.10) 



r^ 1>t)/w>t) f j x 



XL(l, XD )7_ DO v „ ^Vcosh(7rt) 2 |r(l/2 + ^)| 4 |C(l + ^)L(l + 2^, XD )| 2 

G(1)X|C(1 + 2^)| 2 L(1, X d) + G(l + 2it)X 1+2it C{\ + 4it)C(l + 2it)L(l + 2it, X d) 

+ G{\ - 2it)X 1 - 2it ((l - 4ii)C(l - 2zt)L(l - 2it, xd) 

We deal with the terms containing X l±2tt first. Take the term with X 1+2lt , the other term 
will be analogous. This term is after some simplifications, 

( , n) Mi) r m , t)m , t) ( ^gHf^rS'^ ) dt 

Ml, Xd) 7-oo Vcosh(Trf) IM 1 / 2 + ^)I C(1 - 2z*)L(l - 2it, xd) 

Now ^^2it) ^ s analytic for t G E, so 

a_ 2 ^ x (0)N(£fG(l + 2it)C(l + 4it) 



F(t) := /i(y 1 ,t)/i(V r 2 ,0 



cosh(7rt) 2 |r(l/2 + zt)| 4 C(l - 2#)L(1 - 2it, Xd)C(2(1 + 2it)) 
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is analytic and 



/oo 
F(t)X 2it dt < 0(X 
-oo 



-Af\ 



for any M > 0. 

Now, we address the term in (19.101) coming from the pole at s = 1. Similar to (19. lip , we 
simplify to get 



(9,2) (1+ -)y_^( W2 , t ) ( ^^ir^-^^a-^^i^ J^^ 

10. Putting it all together 
Incorporating Proposition 17. 1[ Corollary I7.6[ and Corollary 18. 2\ we have (I6.10p . 

(10.1) (L) = i^^^(mV^)(SW^Mn)Q(n) + C75'C' niI ) = 

m n n^i 

( 1 + ^)r„, ,a /"°° f°°v,^r,.^ dxd y 



[5(i,i') I / 

o ./o x y 



r|a 

We only mention here that we used Proposition 17.51 to get 

J20((Da)- 3M X- M ) = 0(X- M ), 

a=l 

for M large. 

Our aim now is to show (L) is a sum of the geometric sides of the Kuznetsov and Petersson's 
trace formula. Each one then gives a spectral side from which we then gather information 
about poles of the Asai L-function and hence information about base change. 

We now follow section 9 of [HJ closely. Define 

(10.2) V x * V 2 (z) := r exp ( zU- + V -)\ exp f ' l ^ H 



— oo J — oo 



2 y x J \ z xy 



n-m-)--- 

x y x y 

Recall Definition 16.31 and the dependence on I, we get 



/oo poo I 
J H Da (x,y)dxdy = D\V l *V 2 (- 



Da 



The D factor comes from a change of variables t — > Dt in the definition of I m (n,x,l) 
inside of Definition 16.31 

Now Theorem 3.1 of [H] states 

Theorem 10.1. For all V, W e C °°(M + ) , h(V *W,t) = C t h(V,t)h(W,t), where C t = 2vr 
for t an even integer, and Ct = tc for t purely imaginary. 
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Let 

M(t) = h(V u t)h(V 2 ,t), 
then using Sears-Titchmarsh inversion formula for V\ * V 2 (z), see [H], we get 

(10.4) Vi * V 2 {z) = 4?r ( f M(t)ttmh(7rt)B 2it (z)tdt+ ^ (Jfe - l)J k _ 1 (z)M(k) J , 

Further from [HJ we need 
Proposition 10.2. Let M(t) = h(V 1 ,t)h(V 2 ,t) then, 



10.5 / Kx^ 2 x — 

x 



(10.6) (L) = 27r(l + i) 



2 ( / M(t) tanh(vrf)tdt + (Jfe - l)M(k) J 

V^ -00 2fc>0,fceN / 

The limit (L) can be then rewritten as 

5(1,1') If M(t)tfwh(nt)tdt+ (k-l)M(k) 

/ 

E^E r5 ^l, 7 ) M(t)ta n h(7rt)B aB (-^-)^+ £ (* - 1) J^i(-j£-)M(*) 

a=l reN ' '"' ' 2fc>0,fceN ' 

\ r|Z 

Theorem 10.3. (Kuznetsov trace formula) Denote the Maass form of eigenvalue 
1/4 + t 2 and level D and nebentypus Xd by <pt.D, an d let rj(l, 1/2 + it) : = 
27r 1+a cosh(7rt)~ 1/2 r(1/2+ gg^" ) 2 .^ xo) , where r it (n) = J2 a b=n XD(a)(a/b) u . Let S D (n,m,c) = 
Y2 x (c)* XD{x)e( nx+ c mx ). Then the Kuznetsov trace formula for these Maass forms and its as- 
sociated continuous spectrum (See |Iw] ) is 

(10.7) Yl Git^a^a'^t) + — G(t) V (l, 1/2 + it)rj(l', 1/2 + it)dt = 

17T J _ oc 

<Pt 

= G + y MlM G +(47rV7F/c), 
z — ' c 

D\c 

where G := ^ G(t) tanh(nt)tdt, and G + (x) := 4 / °° G(t) tanh(Trt)B 2i t(x)tdt. 

Theorem 10.4. (Petersson trace formula) Let the holomorphic forms of weight k, level D, 
and nebentypus xd be denoted as 4>k,D- Petersson's trace formula then states 

(10.8) ^G(^)a,(0 fc )^) = ^^ (A: - l)G(k) + Sn{l ^ c) G(4nVw/c), 

4> u 2fc>0,fc6N D\c 

where 

(10.9) G(x)=A (k-l)G(k)J k ^(x). 

k>0,k even 
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Notice that (110. 6p almost looks like the geometric sides of these two trace formulas. 
We first need to simplify the Kloosterman sums in (I10.6p . Inversion of the r- and s- sums 
give 



1(U0 J2TrJ2 rS D / M(t)tanh(7rt)B 2it ( 



reN 
r\l 
r\a 



Da 



)tdt 



^2^2—S D (—,l,Da) / M(t)tanh(nt)B 2it (— )tdt 

r£ N o=l a r JO ra 



r\l 



°° 1 IV f°° ^\/% 

Y*Y'—S D (—,l,Da) / M(t) tanh(7rt) J B 2it (— ^-)tdt 
Da r 2 y Da 



reN a=l 



We rewrite the holomorphic side of the trace formula as well in this fashion in (I10.6P . 
Using the spectral sides of the Kuznetsov and Petersson trace formula we get (L) equals, 

(10.11) 

1 r r°° °° -i jj/ poo 

2tt(1+-)V 5(1,1') / M(t) tanh(7rt)trft+ V — S D (—,l,Da) / M(t) tanh(rrt)B 2it ( 
D rgN L J-oo a=1 Da r J 



oo 



l „ M 



> 47H 



+ 5(1,1') Yl (k-l)M(k)+J2^S D (^A,Da) £ (A; - l)J k -i(—^-)M(k) 

2fc>0,fceN 0=1 ' 2fc>0,fceN 



D 

r£N ■ <pt. D 
r\l 



I poo jp \ 

- / M{t)r)(-, l/2 + it)r]{l, 1/2 + it)dt + J2 M ( k 4-) a u'(<f>k)ai{<f>k)). 



4?r .. _ , 

<Pk,D 

We showed in Section [91 



( 10 - 12 ) j E E gtfnmcsc^ = 2n(i + ^)(j2m 

m n u, 



Xd)L(1,uI) 



w(0 cr 0ja; 2(/) + 



a_ 2jt , (/)N(/) 2 ^ ^. , 



^ ;k 7osh(7Tt) 2 |r(l/2 + ^)| 4 |L(l-22t, X D)| 2 ; 1 
for M > 0. 

10.1. Comparing Coefficients from Q(\AD) to Q. In this section we compare the coef- 
ficients of the continuous spectrum from (110.121) to those of (110. lip . With the comparison 
we then show the continuous spectrum from (110.111) equals (110.121) minus the sum over the 
lattice \i. 

Further we show the //-sum in (110.121) is associated with a sub sum ( "Theta functions") 
of the cuspidal spectrum in (110. lip . 
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Define ip^k) := £ N((/)=fe u^q). 
Lemma 10.5. 

(1) N(0 i V-2 i * > o(0 = Er6Nnt(5) ) 

r\l 

(2) W |l (/)-V ^(/)=Er 6 N^(^)- 

r|i 

Proof. By multiplicativity, we do this for a prime power. Notice 

ab=p m ^ ' 

Remember r it (p m ) = J2 a b= P m XD^^a/b) 11 , Assume p inert prime, then we claim 

reN j=0 ^ ab=p m K 1 

r\l 

Let X = then the LHS of ffTuTT3l) equals 

I ™ 2( ^Z j) I ™ (-l)2(m-j) X 2(2(m-j)+l)\ 

j^Y. x ' £ (-i)^ 21 = a^E** ( ) 

1 _ J^2(m+1) v-2(2m+l)Q _ j^-2(m+l)^ 
+ 



x 2m (i + x 2 )V i-x 2 (i-x- 2 ) 



x 2m (i + x 2 ) V i-x 2 x 2 (i-x- 2 ) 

l _ J^4(m+1) 



X 2m (l -X 4 ) 



The RHS of fflimj) equals 



V N(a)* = V X 2(2 fc - m) = 1 - ^ +1 > 

^ N(6) ^ X 2m (l-X 4 )' 

so we are done. 

For p = P1P2, we show for I = p™, 

E^i = E«w=ES a 

r6N i=0 a6=p™ V ' 

r\l 

Let X = p lt , then its clear both sides of (j!0.14p equals 

m 

x~ 2m j2 x2j - 

i=o 

For p = \/D, the identity is as transparent as the split prime case. 
The identity 

//' 

r6N 
r\l 
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is proven in an identical fashion. 

□ 

Now using Lemma 110.51 and the duplication formula for the Gamma function, ( 110. 12p 
equals 



(10-15) 2,(l + i)£E 



h(v uf i)h(v 2 ,fi)M^)MK 



D'^^ L(1,xd)L(1,uI) 

reN fi V ' A ' V ' V> 

r\l 



UsT 1 r h(Vi,t)KV 2 ,t)T lt ^)T lt (l) M 



D'^A-nJ^ \L(l-2it, XD )\ 2 

r\l 

This completes Theorem ll.il (2.). 

Now it can be seen that the continuous spectrum part of (110.111) equals the LHS of (110. \2\ . 
Putting all this together we get 

(10.16) 

YZ^l^ 9 ^ n/X)^h{V,u n )c n {U)c l {U)+2n{l+—)i }^2^ 



m n n^l V reN fJ. V ' A ' V ' ^ 



+ 



r\l 



J—^ A-7T 



h(V u t)h(V 2 ,t)T lt (^)r u (l 



^^J-oc \L(l-2tt, XD )\ 2 

r\l 



D' 

r\l 



I poo 111 \ 

— / M(t)rj(-, 1/2 + it) v (l, 1/2 + it)dt + M(^)a^(0 fc )a 1 (0 fc ) + 0(X- M ) 

Subtracting the continuous spectrums from both sides we get an equality of the discrete 
spectrum plus the //-sum. 

10.2. Addressing the Maass constructed theta forms. The \i sum parametrizes the 
theta forms. Remember from Section |9l /i = ]^r^,k / 6 Z. Each k ^ corresponds 
to a cusp form constructed from Hecke characters over the quadratic field K. The Fourier 
coefficients of these forms are ip^iw) := X/N(?)=iu a 7*(9)j with the corresponding form being 

oo 

°^S Z ) = y^y^( n )Vy K «£* (2nny)e(nx). 

' J 2 los e n 



n=l 



Further 6^ E T (D,Xd)- F° r a more explicit explanation of these forms see |Buj . The 
cuspidal theta forms base change to Eisenstein series. So it is to be expected that if the Asai 
L-function is detecting the cuspidal automorphic forms over the quadratic field K that are 
base changes, they could not come from theta forms over Q. These are also the forms which 
give the poles of the symmetric square L-function in [Vj. 
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10.3. Cuspidal spectrum. Now with the /z-sum in context, fl 1 . 1 6 j) equals 
(10.17) i Yl E 9(* 2 n/X) KV, u u )c n (U)^(n) = 

m n n^l 

2 -( 1+ ^) E E t,)a. (^)a 1 (^)-^ — og£0 og " y r , los£ ° 

r\l kel 

+ 2tt(1 + ^) E (0fc)^) + 0(X- M ), 

0fc,D 

for any integer M > 0. 

But we must account for orthonormization on the spectral side of the trace formula over 
Q. For a theta form the inner product is 

A7TL(l,sym 2 (^)) = 4ttL(1, X dW, "jl) 
^' ^ cosh(7rtj) cosh(7rtj) 

On the other hand, the Fourier coefficients are normalized in the Kuznetsov trace formula. 
Specifically, a Maass form with eigenvalue 1/4 + has it's coefficient p(n) normalized by 
the factor 

, Airlnl 



vl/2 



(see HU, [Iw]). Let 



then 



l cosh(7rtj) ' 

. 47r|n| 
lo s e o v ' coshf , fc7r ) ' T lo s £ o 

V log <EQ ' 



* ^ (n) := ( t^fcl J ^^W, 



(10.18) £ 

fcez 



L(1, Xd )L(1,c^) 



fcez 

The theta forms coming from the continuous spectrum calculation from section [9] over the 
quadratic field K now cancels with theta forms coming from the spectral side of the trace 
formula over Q. 

Therefore, we find (110. 16)) implies 

(10.19) 

l^^^(mV^)E /l (^ I/n ) c -( n )^ !! ) = 27r ( 1+ ^)(E E M (U)^(M^(^d) 

r\l 

V Mik^aw (0 fc )ai(0 fe ) j + 0(X 

This completes Theorem ll.il (1.). 



-M\ 
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11. Hecke Algebra 

We now get matching of the individual representations. We exploit the fact that each 
irreducible representation II has associated Fourier coefficients that obey Hecke relations: 

c n (n)c mi (IT)= V ™(n), 

r|(n,mi) 



one gets 

(11.1) 

Likewise, one gets 



£/i(v,i*)c M (n)c,(n)c(n)= EW^M 11 )^ 11 )- 

r|(g,i/)n^l 



;n.2) ^Mv.^Kcn) 



n^i 



A? 



n^( n ) 



i=i 



c,(n) 



E E E 



Y, h (V^u)c,(U)c n ^(U). 



ii' nL»i» ^n^ 1 



So one computes by using Theorem 11.11 and fll 1 .2j) for any g« such that (IXj=i <Zi> ^ 



1L3 ) ^EE^^E^^m 



A? 



i=i 



cm 



E E E 

n|(5i.f) r 2 \{ q -^m)r i \(j^ I m) 



- (r 1 r 2 )- i 



E vEE 9{^n/X) KV, ^n)c n (n) Cnik ^ (II) 



2tt(1- 



E E W^) a N fniI 1?i ^(^,D)ai(0t,i?)+^/i(F,^ 



r i n£ iy 



In particular, for any polynomial F(c qi ,c q2 , ...,c qN ) with complex coefficients 
^ 1L4 ) yEE 9{^n/X) KV, u u )c n (U)F(c qi ,c q2 , c^WF) 



n^i 



has a corresponding identity like Theorem 11.11 over the forms of level D on Q. Call the term 
corresponding to F(c qi , c q2 , c qN ) on the side of forms over Q, T o F. 

With this freedom, if we were in a finite dimensional setting (e.g. the space of forms of a 
fixed weight k or eigenvalue parameter tj), we can choose such a polynomial F to be zero 
on all but one single representation IT. 



11.1. Reduction to a finite dimensional setting. Now we use Hypothesis 11.21 in the 
following propositions of [Vj : 

Proposition 11.1. Let tj be a discrete subset ofM. with {j : tj < T} <C T r for some r. Let, 
for each j, there be given a function Cx(tj) depending on X , so that Cx(tj) <C t r - for some 
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r'- the implicit constant independent of X ; similarly, for each k odd, let there be given a 
function cx{k) depending on X so that cx{k) <C k r . Suppose that one has an equality 

(11.5) Jim (Y^cx^hiV^ + ^cxmiV^k)) = 

j k odd 

for all (h(V,tj), h(V, k)) that correspond via Sears-titchmarsh inversion to V. Then 
limx->oo cxitj) exists for eachtj and equals 0, and similarly the same holds for limx^oo cx{k). 
This equality holds for all functions h for which both sides converge. 

Proposition 11.2. Given j e N, e > and an integer N > 0, there is a V of compact 
support so that h(V,tj) = 1, and for all j' ^ j ,h(V,tj>) <C e(l + \tji\)~ N , and for all k odd, 
h(V, k) < ek~ N . 

Given fc , e > and an integer N > 0, there is a V of compact support so that h(v, k ) = 
1, h(V, k) < ek~ N for k odd k ^ k , and h(V, t) < (1 + 1*1)-* for all R. 

Specifically, we let 

(11.6) cxitj) = yJ2 EE5( m V^)cn(n)F(c 9l ,c, 2 ,...,c w )#)- 



X 

n m n 

t n =tj 



2tt(1 + h(T o F)^AKdXKd) + 0(X~ M ) 



D JK ' ^ 7? 

reN 
r\l 

for any polynomial F G C[xi, .., xn]. 

Now choosing F to isolate a single II with archimedean parameter tj reduces the problem 

to 

(H.7) 

^ E E^V^)cn(n)^n) = 2tt(i + 1) oF)^«, (^R^) + opO. 

m n 4> t D reN 

t=u r\l 



If we assume the forms over Q are Hecke eigenforms, then it is easy to check that 
(11.8) (ToF)=f£ 

reN r reN ' reN 

r|gi r|<j 2 r^jy 

Furthermore, also using the Hecke qualities of a n (<p t:jt rj), it is easy to check, though labo- 
rious, that 



o/.i{<j>tj,D) ■= y^«N(0 

reN 
r\l 

has the properties of a Hecke eigenvalue for representations n over K/Q with archimedean 
parameter t n = {^j>^j}- 

Therefore, with flll.8p . the polynomial F kills all but at most one of the terms 4> t ,D on the 
RHS of flXTjl . If it kills all of them, this implies by the LHS of ffTTTj) that if n ^ there 
exists an I such that ci(H) 7^ 0, and 

^£^K.(H) = 0(X-^ 
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for any M > 0. However, this contradicts the assumption that the Asai L-function has a 
pole at s — 1. 

So there is exactly one term on the RHS of ( 111.7P and so we have 
( 1L9 ) Y,Y,9^lX)c n {nym = 2vr(l + i) J2 a ^(Kn) + 0(X~ M ), 

m n r£N 

r\l 

Hence if we let I = 1, we have 

2 



:il.l0) j £s(^)cn(H) = 2tt(1 + i) + 0(JC > 



n.rn 



But since (111.91) holds for all I G O, (I, D) = 1, we must have 



(n) = £V(& J>D ). 



This proves Corollary 11.31 
By Mellin inversion 

(li.iD 



Y 



g(—^)c n (U) = — / ^(s)X s - 1 C(2s)L(s, n, Asai)ds = 5(Il)g(l)((2)Res s=1 L(s, U, Asai)+0(X- M " 



where 5(11) = 1 if n is a base change and else. The last equality comes from shifting the 
contour to the left to —M. Since M is arbitrary, ((2s)L(s, U, Asai) has analytic continuation 
to the entire plane with at most a simple pole at s — 1 . This concludes Corollary 11.41 
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